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A Remark on CFT Realization of Quantum Doubles of Subfactors. Case Index < 4 


MARCEL BISCHOFF 


Abstract. It is well-known that the quantum double D(N C M) of a finite depth subfactor N <Z M,oi 
equivalently the Drinfeld center of the even part fusion category, is a unitary modular tensor category. 
Thus, it should arise in conformal field theory. We show that for every subfactor N <Z M with index 
[M : A] < 4 the quantum double D(N C M) is realized as the representation category of a completely 
rational conformal net. In particular, the quantum double of Ee can be realized as a Z 2 -simple current 
extension of SU(2)io x Spin(ll)i and thus is not exotic in any sense. As a byproduct, we obtain a 
vertex operator algebra for every such subfactor. 

We obtain the result by showing that if a subfactor N G M arises from a-induction of completely 
rational nets A G B and there is a net A with the opposite braiding, then the quantum D(N G M) is 
realized by completely rational net. We construct completely rational nets with the opposite braiding 
of SU(2)t and use the well-known fact that all subfactors with index [M : A] < 4 arise by a-induction 
from SU(2)t. 
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1. Introduction 

A unitary fusion category can be seen as the generalization of a finite group G, which is neither 
assumed to be commutative nor co-commutative. In particular, the easiest examples are the category 
Rep(G) of unitary representation of a finite group G and the category Hilbo of G-graded finite dimen¬ 
sional Hilbert spaces. Note that G is co-commutative in the sense that Rep(G) is commutative, while 
G is in general non-commutative. 

A factor is a von Neumann algebra with trivial center and a rather boring object. On the other hand 
a subfactor, an inclusion N C M of a factor N into another, turns often out to be a really interesting 
object. For example subfactor obtained by taking a fixed poinf wifh respecf fo a free acfion of a finife 
group N = C M gives = Hilbc; and = Rep(G). In general, a finife depfh subfacfor 

N C M gives fwo unifary fusion cafegories and which are (higher) Morifa equivalenf. 

Conversely, having a unifary fusion cafegory T, fhere is a subfacfor N C M, such fhaf = 
= F. An imporfanf invarianf IIJon83ll is fhe index [M : V] of a subfacfor, which by Jones’ 
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index theorem takes values in: 


[M : E jdcos^ j : m = 3,4,.. .| U [4 : oo]. 

Another invariant is a pair of graphs, the principle and dual principal graphs, which are bipartite 
graphs. For index [M : A] < 4 they are given by A-D 2 „-£' 6,8 Dynkin diagrams, where the index is 
related to the Coxeter number m of the graph by [M : A] = 4cos^(7r/m). 

A unitary braided fusion category is a unitary fusion category with a braiding A braiding is a 
natural family of unitaries sip, cr) E Hom(p (g) cr, cr (g) p). Braided categories give a representation 
of the n-strand braid groups B„ - {ei,.. . ,e„-i : e,+ie,e,+i = = ejCt if |/ — j\ > 2) on 

Hom(p®",p®”). If e(jo, cr)e{cr,p) = \o-®p for all objects cr,p, it is called a symmetric fusion category. 
In this case the representations of the braid group are actually representations of the symmetric group. 
On the other hand, in a unitary modular tensor category (UMTC) the braiding is non-degenerated, in 
the sense that if e{p, cr)e{cr,p) = lo-^p for all p, then cr is a direct sum of the trivial object. 

Simple examples of UMTCs C are the one where every irreducible object is invertible (has dimen¬ 
sion 1). Then the fusion rules form an abelian group A and C is characterized by a non-degenerated 
quadratic form on A. 

The Drinfeld center of a UFC T, or the quantum double of a finite depth subfactor N C M, which 
equals the Drinfeld center Z{T) of either of its fusion categories T E ^ unitary 


modular tensor category |Mug03b |. 


A coordinate version of modular tensor categories were invented by Moore and Seiberg llMS90i 
to axiomatize (the topological behaviour of) conformal field fheories. Braided fensor cafegories also 
appeared in algebraic quanfum field fheory 1FRS891 and UMTCs and fheir sfrucfure were analyzed by 
Rehren in ||Reh90i . There are fwo axiomafizafions for chiral CFT: verfex operafor algebras (VOAs) 
and conformal nefs and in bofh approaches fhe represenfafion fheory gives under cerfain sufRcienf 
condifions a (unifary) modular fensor cafegory. 

The nafural question arises, if all modular fensor cafegories arise as represenfafion cafegories of 
chiral CFT. A subquesfion is if fhe quanfum double of subfacfors or equivalenfly Drinfeld cenfers of 
unifary fusion cafegories arise in fhis way. 

We wanf fo discuss such a question in fhe framework of conformal nefs, which is nafurally relafed fo 
fhe sfudy of subfacfors. More precisely, if Al is a complefely rational conformal nef, fhen fhe cafegory 
of Doplicher-Haag-Roberfs represenfions Rep(Al) is a unifary modular fensor cafegory (UMTC) by 
IIKLMOlll . 

We vaguely conjecfure fhaf fhe following is frue. 


Conjecture 1.1. Lef C be a unifary modular fensor cafegory (UMTC), fhen fhere is af complefely 
rational conformal nef A wifh Rep(A.) = C. 

An analogous sfafemenf in higher dimensional algebraic quanfum field fheory (see llHaa96l ) is 
known fo be frue. Namely, if is shown fhaf under nafural assumpfion for every nef A fhere is a 
compacf (mefrizable) group G wifh a cenfral involufive elemenf k ^ G, such fhaf fhe cafegory of 
Doplicher-Haag-Roberfs represenfafions DHR(Al) is fhe cafegory of unifary represenfafions of G, 
which is Z 2 -graded by k. Every such pair {G, k} can be realized using free field fheory IIDP021I . 

Coniecfure 11.11 would imply fhe following weaker conjecfure. 


Conjecture 1.2. Lef be a unifary fusion cafegory (UFC), fhen fhere is a complefely rafional con¬ 
formal nef A wifh Rep(Al) = where Z(J^) is fhe Drinfeld cenfer. 

Equivalenfly, lef A C M be a finife depfh subfacfor, fhen fhere is a complefely rafional conformal 
nef A wifh Rep(Al) = D{N C M), where D(A C M) denofes fhe quanfum double of A C M. 
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Remark 1.3. The net A in Conjecture 11.11 or [L2] would be far from unique. Namely, let B he. a 
holomorphic net, i.e. the representation category is trivial Rep(;S) = Hilb, then Rep(.A(8)^) = Rep(.4.). 

So far a technique which produces from a subfactor or a fusion category a conformal field theory 
is not established, though see IIJonl4ll for some recent approach. But subfactors up to index 5 are 
classified and we can fry fo exhausf (parf of) fhe classification lisf, by consfrucfing a CFT model for 
every subfacfor in fhe lisf. 

If we have a UMTC C we can replace fhe braiding by ifs opposife braiding e(p, cr) - e(cr, p)* which 
gives (in general) a new UMTC denofed 

Conjecture 1.4. Lef .4. be a completely rafional conformal nef. Then fhere exisf a completely rafional 
conformal nef A, such fhaf Rep(4L) = Rep(.4.)’^'^''. 

Here fhe positivity of energy is crucial. One can easily consfrucf A wifh “negative energy” having 
fhis properly. Note lhal Conjeclure 11.41 would imply lhal Conjeclure 11.21 would hold for all F = 
Rep(4.) which are represenlalion category of a conformal nef A. Indeed, C - Rep(4.) is a UMTC and 
thus Z(C) = = Rep(^ (g) A). 

There are more exotic subfactors for which the realization by conformal field theory in any sense is 
not know. The first is the Haagerup subfactor IIHaa94l . Its quantum double is considered to be exotic 
in IHRW08I . In the same article also the quantum double of the subfactor is considered exotic. 
The authors admit that they did not consider simple current extensions. We show that the double of 
E(, indeed just arises as Z 2 -simpte current construction of SU(2)io x SO(ll)i and thus is far from 
exotic. We also note that the even part of the Sg subfactor is a pivotal fusion category of rank 3 and 
the lowest rank example of a pivotal fusion category which is not braided by the classification of rank 
3 pivotal fusion categories IIOstl3L 

Coniecture 11.21 would give a positive answer to the question: 

Question 1.5. Does every finite depth subfactor come from conformal field theory (cf. IIJonl4ll l. 

Namely, for every completely rational conformal net A, Kawahigashi, Congo, Rehren and the 
author have recently shown that certain subfactors related to Rep(Zl) classify the phase boundaries of 
a full conformal field theory on Minkowski space based on the chiral theory A. 

Proposition 1.6 (see Proposition l3.5l) . Let N d M be a subfactor and a completely rational conformal 
net A with Rep(Zl) = D{N C M). Then there is a phase boundary related to the subfactor N <Z M. 

So, in this sense Conjecture 1 1.21 would really give a positive answer to Question 1 1.5 1 
The main goal of this article is to confirm Conjecture [T2] for the simple case [M : N] < 4. 

Proposition 1.7 (see Corollary 14.71) . Every quantum double D{N C M) of a subfactor N C M with 
[M : N] < 4 is realized by a completely rational conformal net Ancm> Rep(ZlA?cM) = L){N C M). 

We note that the next possible index is realized by the Haagerup subfactor mentioned above with 
index 

[M : N] - ^ ~ 4 303 

and there is strong indication in HEGlll . that there is a conformal net realizing its double. We hope 
that our techniques here give new ideas to construct this examples. 

This article is organized as follows. In Section |2] we give some preliminaries about braided sub¬ 
factors and quantum doubles and in Section [3] we give some preliminaries about conformal nets on 
the circle and introduce some examples which we later need. We give some characterization and 
structural results of conformal nets whose representation category is a quantum double. In Section 
m we give some results about conformal nets having the opposite braiding of a given net. We give 
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examples of nets having opposite braiding of SU(2)i^. We give a general criterion how the quantum 
double of a subfactor arising by cr-induction of an inclusion of conformal nets yields a conformal net 
realizing the quantum double of it. We use these techniques for the realization of quantum doubles for 
index less than 4 and some sporadic examples between 4 and 5. In Section |5l by using the categorical 
nature of our result, whe show how to relate it to vertex operator algebras. In particular, there is also 
are realization of quantum doubles of subfactors with index less than 4 by vertex operator algebras. 


Acknowledgements. I would like to thank Zhengwei Liu for some useful comment and Luca Gior- 
getti and Yasuyuki Kawahigashi for remarks on early version of this manuscript. 

Ideas for this work was were obtained at the Workshop ID: 1513 “Subfactors and Conformal Field 
Theory” at the Mathematische Forschungsinstitut Oberwolfach and the author would like thanks the 
organizers and the MFO. 


2. Quantum Doubles 


We are using here the language of endomorphisms of type III factors (see IIBKLR151I ). but the same 
can be understand in terms of bimodules of type II or type III factors or in terms of unitary fusion 
categories. 

We note the it follows from IlHYOOl . (more indirect also from |Pop95 Pop94a) and in certain 
cases HOcnSSII ) that any abstract unitary fusion category T can be realized as C End(M) with M 
the hyperfinite type IIIi factor. By Popa’s theorem lPop95 | such a realization is unique, namely if 
T C End(A) another realization then there is an isomorphism A —)• M implementing the equivalence 
between the two fusion categories (cf. HKEMOll Proof of Corollary 35]). 

Given an inclusion N d M o^ hyperfinite type IIIi factors M,N with finite minimal index [M : 
A] < oo IIJon831IKos86l we denote by i: A —)• M the inclusion map. We often write l{N) C M to have 
a uniform notation if we consider endomorphisms p of M and inclusions p{M) C M. By the finite 
index assumption, there is a conjugate morphism 1: M ^ N, such that id^ -< l ol and id^ -< l ol. 
Then (f o i)°” and (l o tf, n E N generate full C*-tensor categories f llER97ll l C Endo(A) 

and C Endo(A), respectively, and we say that l{N) C M has finite depth if and only 

if I Irr(^J^^^^)| < oo, or equivalently < oo. Similarly, one defines full replete 

vNciM ^ Morn(M, A) and 


subcategories - {{l o 0" o i) C Moro(M, A) and = {lo{lo l)") C Moro(W 47). 

The (sfricf) 2-category O-obJecfs {N, M} and fhe hom-cafegories given by 


■NCM 


ttNCZM 
N^M 


called fhe standard invariant oiN <Z M. The finite depth condi¬ 


tion corresponds to rationality in conformal field theory. 

Given a fusion category C End(A) and a subfactor N C M related to 


(then 


n-'n’ 


i.e. i o t E 


T 

N-^N 


C category 


T 

M-' M 

fS < L o p ol with p E categories and are Morita equivalent in the sense of 

[ Mug03a| the Morita equivalence is given by tensoring with l and Z. 

We start with a unitary modular tensor category (UMTC) nC'n C Endo(A), where the unitary 
braiding in Hom(p o cr, cr o p) is denoted by E^{p, cf) or simply e{p, cr) and the reversed braiding by 
E~{p,cr) = E{cr,p)*. 

Eet us fix i{N) C M related to This gives 9 - I o l the structure of an algebra object 

in more precisely a Q-system 0 = {6, x, w). There is a notion of commutativity, namely let 
X E Hom(0 ,9 o 9) be the co-multiplication, then the Q-system is called commutative if and only if 
e(9, 9)x - X. 


C Endo(M) is the fusion category generated by 
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Let us fix a subfactor l{N) C M related to 
category V - and is given by: 


Then cr-induction maps from C - to the dual 


N^N 


M^M ^ 


M^M 


a, := i 


-1 


o Ad(e=^(T, 0)) o T o i € End(M). 

= (a* : p G the UFC generated by -induction, respectively, and 
by Vo = - V+n the ambichiral category. 

Let be a unitary fusion category. We can assume that it is (essentially uniquely) realized as 


We denote by V± = 


V = 


N-^N 


C Endo(A^) with N a hyperfinite type IIIi factor. Eet A N 'S) C llr{B) be the 


Eongo-Rehren inclusion with = 

aCa) 


K and the category generated by ((jlr o /3 o 


^lr)” : P G End(B). Then Izumi showed that = Z{F), where Z{F) denotes the unitary 

Drinfeld center ]Mug03b[ Section 6] of F, which is a UMTC by |Mug03b|. The Q-system ©lr = 
(0lr> wlr, xlr) with G - Ilro^lr is commutative and cIOrr - Dim(J^), where Dim(J^) = Upgin-tJ') 

is the global dimension. 

If we start with a finite depth subfactor l{N) C M, then Z( = Z( (see proof 

of Proposition 12.21 below) and we can talk about the quantum double of l{N) C M, denoted by 
DiN C M). 


Example 2.1. The quantum double D{N C M) has been calculated in IIEK981 Section 4] for A„ 
subfactors and IBEKOll Examples 5.1,5.2] for Eg and E$ subfactors. The quantum double of Eg has 
also been computed using the tube algebra and half-braidings in IlIzuOUl . 


The quantum double is related to the Ocneanu’s asymptotic inclusion IIOcn88L Popa’s symmetric 
enveloping algebra ||Pop94b| and the Eongo-Rehren subfactor llER95i . see also IIMasOOilIzuOOI . 


Izumi showed IlIzuOOl that there is a Galois correspondence, namely there is a one-to-one corre¬ 
spondence between intermediate subfactors B <Z Q <Z A and subcategories Q <Z F. 

The following (3) was observed BOcnOll Theorem 12] for C being a SU(2),t category and is partially 
contained in IBEKOll Corollary 3.10, 4.8]. 


Proposition 2.2. Let C C End(A^) be a UMTC, and l{N) C M subfactor with commutative Q-system 
0 G C. Denote by V = (J3 A ipi : p & C) C End(M) the dual category. Then 


(1) ZiC) = Z{V) = C^C'^'', 

(2) ZiVo) = Vo^ Vf^\ 

(3) ZiV+) - C K Vo'^^f 

(4) Z{V_) = C*'®'' K E>o- 


Proof. Eor (1) it follows by ISchOlfl together with |Mug03b | that Z(C) = Z{V), because C and V are 
Morita equivalent, and again by | Mug03b[ Z(C) = C la . It was shown e.g. in IBEKOOl Theorem 
4.2], that Vo is modular, thus the statement (2) follows from (1). E>+ is equivalent with Cq (cf. 
IBKE141 Remark 5.6]) and by IDMN0131 Corollary 3.30], see also IDGNQIOI Remark 4.3] we have 
Z(C0) = C I 


] , which is braided equivalent with C lEi Vo, thus (3). Finally, (4) follows by applying 


(3) to 


3. Conformal Nets 

By a conformal net A, we mean a local Mobius covariant net on the circle. It associates with every 
proper interval I C C C on the circle a von Neumann algebra A{I) C B(4(^) on a fixed Hilbert 
space Ti, such that the following properties hold: 

A. Isotony. f C h implies Zl(/i) C A{h). 

B. Locality. /i n /2 = 0 implies [Zl(/i),Zl(/ 2 )] = {0}. 
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C. Mobius covariance. There is a unitary representation U of Mob on % such that U(g)A(I)U{g)* = 
A{gl). 

D. Positivity of energy, f/ is a positive energy representation, i.e. the generator Lq (conformal 
Hamiltonian) of the rotation subgroup U{z^ e'^z) = e'®^ has positive spectrum. 

E. Vacuum. There is a (up to phase) unique rotation invariant unit vector Q G which is cyclic for 
the von Neumann algebra A \J-Ml)- 

A local Mobius covariant net on ,4. on § ^ is called completely rational if it 

F. fulfills the split property, i.e. for /q,/ G X with /q C / the inclusion .4.(/o) C A{1) is a split 
inclusion, namely there exists an intermediate type I factor M, such that 4.(/o) C M C A{I). 

G. is strongly additive, i.e. for hAi £ X two adjacent intervals obtained by removing a single point 
from an interval / G X the equality .4(/i) V Aih) = A{I) holds. 

H. for l\,h £ X two intervals with disjoint closure and h,h £ X the two components of (/i U /a)', 
the /i-index of A 

AA) := [(.4(72) V .4(74))' : .4(70 V .4(73)] 

(which does not depend on the intervals 7,) is finite. 

A representation tt of 4. is a family of representations n = {tt/ : 4.(7) — )• B('77;r)}/GX on a common 
Hilbert space T-Lj^ which are compatible, i.e. nj \ 4(7) = nj for I C J. Every non-degenerate 
representation n with T-L^ separable turns—for every choice of an interval Iq G X—out to be equivalent 
to a representation p on 77, such that pj - id^(y) for 7 n 7o = 0. Then Haag duality implies that pj 
is an endomorphism of 4(7) for every 7 G X with I D Iq- Thus we can realize the representation 
category of 4 inside the C* tensor category of endomorphisms Endo(fV) of a type III factor N = 
A{I) and the embedding turns out to be full and replete. We denote this category by Rep^(4). In 
particular, this gives the representations of 4 the structure of a tensor category IIDHR71I . It has a 
natural braiding, which is completely fixed by asking fhaf if p is localized in I\ and cr in h where I\ 
is leff of I 2 inside 7 fhen e(p, cr) = 1 HERS 891 . The statistical dimension of p G Rep^(4) is given 
by dp = [N : piN)] 2 . Eef 4 be completely rational conformal net, then by BKEMOll Rep^(4) is a 
UMTC and p_A - dim(Rep^(4)). 

We write 4 C H or 73 D 4 if there is a representation n = {ni: A{I) —)■ 73(7) C B(77e)} of 4 on 
'Hs and an isometry V: 77^ —^ 77b with = Gb and VUj,{g) = Ui 3 {g)V. We ask that further 
that Va = nj{a)V for 7 G X, a G 4(7). Define p the projection on 77= ni{A{I))0.. Then pV is a 
unitary equivalence of the nets 4 on 77^ and 4o defined by 4o(7) = nj{A{I))p on T-Lj^y 

Definition 3.1. Eet 4 C H an inclusion of conformal nets. Then we define the coset net 4‘^(7) = 
B{1) n A!. Note that A'^ C B. We call A Cl B normal if 4‘^‘^ = 4. We call A d B co-finite if 
\B{I) : 4(7) (g) 4"(7)] < 00. 

Eor every co-finite extension A <Z B holds: B is completely rational iff 4 and 4*^ are completely 
rational HEonOSI . 


3.1. On conformal nets realizing quantum doubles/Drinfeld centers. In this section we give some 
structural results about conformal nets whose representation category is a quantum double. If we talk 
about a subfactor A C M, we are just interested in finite depth subfactors which are hyperfinite of 
type III or IIIi. In this case standard invariant is a complete invariant |Pop951. We might also replace 
subfactor by subfactor standard invariant. We write N d M k, N\ C Mi if both have equivalent 
standard invariant. 


Definition 3.2. A bolomorpbic net 4 is a completely rational conformal net with trivial representa¬ 
tion category Rep(4) = Hilb, or equivalently HKEMOlll with = 1. 
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Proposition 3.3 (cf. | MuglO[ Corollary 3.5], BKawlSl Theorem 2.4]). Let Abe a completely rational 
conformal net. The following are equivalent: 


(1) There is a holomorphic local irreducible extension B D A. 

(2) Rep(.A) = Z{2F) for some unitary fusion category IF. 

(3) Rep(.4) = D{N C M) for some finite depth subfactor N C M. 


Proof. Given N C M take F := Conversely, we may assume that is a full subcategory of 

End(M) and we can take N = p(M) C M, where p = Thus (2) and (3) are equivalent. 

If (2) is true the dual Q-system of the Longo-Rehren inclusion associated with F gives a commu¬ 
tative Q-system 0 = (6, w, x) in Rep^(.4.) with dO = ^/pA the corresponding extension B 2) A has 
Pb = 1 - 

Conversely, if (1) holds, let 0 = {6,w,x) in Rep^(.4) be the Q-system characterizing B D A. 
The Q-system 0 is commutative with d9 = -TbiinRnF^, thus a Lagrangian Q-system which forces 
Rep(.4) = Z{F) for some fusion category F. 

Indeed, for At := ^(7) c Bil) M and = Rep^(.4) using Proposition 12.21 (31 we get 
ZiF) = Z( ^ - Rep'(.A) ^ Rep^(^) - Rep'(Zl) 

using IIBKLI41 Proposition 6.4] in the second last step. □ 


Remark 3.4. One might see Zl C ,8 as a generalization of an orbifold by a finite group. Namely, 
if F is pointed and the fusion rules are given by the finite group G, then for the associated with F 
associated extension B 2) A from Proposition I3.3l the net A - B^ is indeed the G-orbifold of B, i.e. 
A = B^, cf. |Mug05|. 


Let At c M be a finite index and finite depth subfactor. Conjecture 11.21 is equivalent with the 
existence of a conformal net A with Rep(Zl) = D(N C M) for every such N (2 M. Conversely, in 
the following Proposition we show that if such a net A exists, there are two extensions Bn and Bm, 
such that Bn{1) C Bm{1) ~ At C M. But any morphism yS: Bn{I) Bm{1) related to Rep^(Zl), 
i.e. IemF ° P ° ‘■Bn{I) £ Rep^(Zl), prescribes a defect line or phase boundary IBKLR141 between the 
full conformal field fheories 8l = Bn <8* Bn 2 > A® A and 8r D Zl (8) Zl on 2D Minkowski space, 
which is invisible if resfricfed fo Zl (8) Zl, also called Zl-fopological. Here fhe nef Br comes from 
fhe Q'-inducfion consfrucfion iRehOOl of Zl C Bm, which coincides wifh fhe full center consfrucfion 
IIBKL14II . Thus fhe subfacfor Bn{1) <2 Bm{1) ~ At C M is related fo a phase boundary in conformal 
field fheory. 


Proposition 3.5. Let A be a completely rational net with Rep(Zl) = D{N C M). Then there exist 
Bn A local extension with Rep(8,) = Hilb and a (non-local) extension Bm D Bn D A with 
Bn{1) C Bm{1) ^ N C M. Thus the inclusion l: Bn{1) —^ Bm{ 1) is related to Rep^(Zl) and 
prescribes a phase boundary in the sense of |BKLR14| . 

Proof. The dual Q-sysfems of fhe Longo-Rehren inclusion associated wifh n^n^^ gives a com- 
mufafive Q-sysfems in D{N C M) = Z( n^n^^^ ~ which we use fo define fhe local 

extensions Bn 2> A. Lef A = A{I), Bn - Bn{1), then with = D(N C M) we have = 

Finally, the Q-system Qncm^A = {eNcM^A,WNcM^hd, XNcM^hd) gives 
an extension Bm 2> Bn which gives a non-local extension Bm 2> A, where Qncm is the Q-system in 
subfactor N C M. Because Bn C Bn and N C M have by construction equivalent 
Q-systems, they have the same standard invariant. □ 


3.2. Some conformal nets. 
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Example 3.6. We denote by .4.su(2),/t or simply by Ak the SU(2) loop group net at level k IIWas981 . 
which is completely rational BXuOOll and thus gives a UTMC Rep(.4.i;). The simple objects are 
{po ,.. .,pk} with fusion rules 

i+j 

\Pi\ X [Pj] = ^ [pc]- 

i+£ even 

The dimensions dpi and twists Up. are given by 

^'k+2 ( Ki + 2) \ / iTT \ 

= + = « = exp|—j 

and the central charge cu and global dimension by 


Ck 


3k 

k + 2’ 


Dk = ^dj 


1=0 


k + 2 

2sin2(lf2) 


We remember the classification of SU(2)^ conformal nets I1KL04II . IIBE981I . 


Proposition 3.7. Local irreducible extensions B D Ak, i-e. a local net B containing Ak as a subnet, 
such that Ak{iy n B{I) - C are in one-to-one correspondence with A-D 2 „-£' 6,8 Dynkin diagrams 
of Coxeter number k + 2. The £' 6,8 Dynkin diagram correspond to the conformal inclusions Alio C 
Alspin( 5 ),i and A 28 C AIg 2 ,i. respectively. 

The subfactor a^fB{I)) D B(I) has a principal graph the corresponding Dynkin diagram. 

Example 3.8. The loop group net of Spin(2n + 1) at level 1 Alspin( 2 «+i),i llBoc961 Theorem 3.1] and 
llXu091 Lemma 3.1] has global dimension D = 4 and has the Ising fusion rules, i.e. the same fusion 
rules as the net Alsu( 2),2 - Alspin( 3 ),i- We denote the (choice of simple objects) by {po,pi,p 2 }. The 
category is determined by the fusion rules and twists IIFK931 Proposition 8.2.6], which are: 


tUpj = exp I 


127ii{2n + 1) 




'P2 


= -1 . 


Example 3.9. We get a net Aq^.i associated with ( 62)1 as an extension of Al 28 - The category of 
representations is the Fibonacci or golden category with fusion rules [t] x [t] = [id] + [r]. 

There is a conformal inclusion of Alsu( 3),2 <8) Alsu( 3 ),i C AIf 4 ,i, thus AIf 4 ,i is completely rational. 
There is also AIf 4 ,i (SiAIgj,! C AIes.i, in particular Rep(AlG 2 ,i) = Rep(AlF 4 ,i)‘'^'^, which is an application 
of Proposition 14.31 


Example 3.10. For central charge c with values 


Cm — 1 


6 

{m + \){m + 2 ) ’ 


(m = 2,3,...), 


the Virasoro net Virc„ is given by the coset net of the inclusion Am C Alm-i <8) Ali IIKL04II . in other 
words we have the conformal inclusion 


Virc,„ (8)Al„, C Am-i (8) Ali . 
and Vkc^ is completely rational, see IIKL041 . 
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4. Realization of some Quantum Doubles by Conformal Nets 

4.1. Realization of the opposite braiding. 

Proposition 4.1. Let A, A be completely rational conformal nets with Rep(.4) = Rep(.4)'^'^'' and 
B D Abe an irreducible local extension (which is automatically completely rational). Then there is 
an irreducible local extension B Z) A with Rep(;8) = RepC^B)’^®''. 

Proof. Using the equivalence Rep(.4) = Rep(.4)'^®'', the commutative Q-system 0 G Rep(.4) gives a 
commutative Q-system 0 G Rep(.A), which defines an extension B L> A with the asked properties. 

□ 

Remark 4.2. This is a trivial instance of mirror extensions llXu07ll . namely take Blr D ^ (8) ^ the 
Longo-Rehren extension IILR95I . which gives Rep(BLR) = Hilb. Then A C Blr is normal and co- 
finite and A is its coset and B ZD A the mirror extension of .4 C B. Using IIBKL14[ Proposition 6.4] 
Rep(B) is equivalent as UFC with Rep(B) and has the opposite braiding. 

Proposition 4.3. Let B be a holomorphic net and A <Z B be co-finite and normal. Let A be the 
coset net of the inclusion A C B. Then the nets A and A'^ are completely rational with Rep(.A‘^) = 
Repf.A)'-^''. 

Proof. A and .4^^ are completely rational by assumption (using IILon031l see above). 

The Q-system 0 = (9, w, x) giving the extension A® A^ C B is of the form 

[ 9 ] = ^ <8* v]. 

^jeIn-(Rep(yl)) 

veIn-(Rep(.4‘=)) 

By normality of .4, .4'^ C B we have = did,^ and Zid,v - did,v- Then it follows that there 
is a braided equivalence (f>: C ^ for some full and replete subcategories C C Rep(Zl) and 
V C Rep(B), such that 0 is the by f twisted Longo-Rehren extension, see IIBKL141 Definition 4.1] 
for the definition. On the one hand {d6f - DimRep(Zl) • DimRep(.4‘^), because B is holomorphic. 
On the other hand d9 - DimC = DimP. Together, because all dimensions are positive, this implies 
C = Rep(Zl) and V - Rep(Zl‘^). □ 

Let Ak = Zlsu( 2 ),i: and let Bk be the coset net of 

Ak c Af = Af 

which is normal by llXu07l Lemma 4.2 (1)]. By induction, it follows that we have conformal inclu¬ 
sions: 

Ak ® Virc2 (8) • • • <8) Vhcj C Ak^BkC 

thus Bk it is completely rational by IILon03ll . Using the conformal inclusion ZIe,,! (8) Zli C ZIes.i, 
which are all conformal nets associated with even lattices (cf. IIBisl2l ) and which is a Longo-Rehren 
extension and thus normal we get the conformal inclusions: 

Ak^Bk(^ .4g;j c Af^ ® .4^1 c .4gj. 

Now we take Ak to be the coset of the normal inclusion llXu07l Lemma 4.2 (1)] Ak C A^^ j. This is 
completely rational, because it is an intermediate net of completely rational nets: 

Ak®Bk® .4®^j (zz Ak®Ak(ZZ A^^^. 

Thus using Proposition 14.31 we have proven: 

Proposition 4.4. The coset net Ak of the inclusion Ak C .4®^^ above is completely rational with 
Rep( = RepiAkf'"''. 
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Example 4.5, We note that Ai - and that Virc^ (8).Ai (g) Ak-\ ® Ak C. We get the 

intermediate inclusion: 

® Ak —1 ® Ak tz Ak ® Ak a ^ 

Thus also Vir^^ (8)w4i:_i C Ak and Virc^. can be obtained back from the coset of Ak-\ C A\®Ak- 
We also get that Vir^^ C ,4.®™ is normal and co-finite, and thus its coset Virc,„ = VirJ;^ realizes the 
opposite braiding of Vir,-,,,. Further, Vir^,,, (8)Virc„, realizes, using Proposition 12.21 1). the Drinfeld 
center Z(Rep^(Virc„)). 

4.2. Realization of quantum doubles. The next proposition shows, that if a subfactor N C M arises 
from a-induction of a local irreducible extension A C B and we have a net A realizing the opposite 
braiding of A, then the there is a net B^cm with Rep(;8A'cM) - 'DiN C M). 

Proposition 4.6. Let N C M be an irreducible subfactor. Assume there exists a completely rational 
conformal net A and an irreducible local extension B D A such that N C M arises by induction, 
i.e. there is a p G a{I)^A(I) ~ Rep^(Zl) and a \fi\ A such that /3{B{I)) C B{I) ^ N C M. 

Further, assume there exists A a completely rational conformal net with Rep(.A) = Rep(Zl)’^'^''. Then 

(1) There exists a completely rational conformal net Bncm realizing the quantum double D(N C 
M), i.e. Rep(^yvcM) = D{N C M). 

(2) It can be given as a local irreducible extension: 

• Bncm a® B, in the a'^ case or 

• Bncm 2} a® B in the a~ case. 

(3) In the case that \J3\, \A\ (tensor) generate but \fi o p\ does not, the former extension 

is a Z, 2 —simple current extension. 

(4) In the case that [f o /3] (tensor) generates ^N(ZM equals A ® B or A ® B, 

respectively. 

Proof. By Proposition 12.21 we have Rep(Zl ® B) = Z{ and RepCJi ® B) = Z{ 

Let C be the subcategory (tensor) generated by ^ o j3, then by D{N c M) = 

assumption. 

Further, there is a holomorphic net i3hoio 2> Zl (g) i3 or ^hoio 2> A® B, respectively, which is 
the Longo-Rehren inclusion and by Galois correspondence there is an intermediate net Bncm with 
RcpIBncm) = Z(b(/)C§(/)) = D{N C M). 

In the case of (2) we have 2 Dim - Dim and Bho\o 2> A® B or Bho\o 2> A® B, 

respectively, have index two, thus it is a Z 2 -simple current extensions. 

In the case of (3) we have = BiP^Buy respectively and the extension is trivial. □ 

For subfactors with index < 4 it is well-known that they arise via a-induction from SU(2)^ loop 
group models Ak, see Proposition 13.71 Together with Ak from Proposition 14.41 we thus get: 

Corollary 4.7, For every subfactor N <Z M with [M : A^] < 4, i.e. for every the standard invariant 
label by G {A„, D2n, Ee.A’ there is a conformal net Ancm with Rep(ZlA?cM) - T)(N C M). 
The realizations can be given as follows.■ 

Ak+i: Ak ® Ak Z 2 the simple current extension with respect to the automorphism pk ® Pk- 
Din- Bd 2 „ ® Bp^n’ where Bp^,, tind Bp^,, are the Z 2 —simple current extensions of A^xn-A <^nd 
Aah-a by pAn-A and pAn- 4 , respectively. 

E(,: Aiq ® Zlspin(ii),i '^[p\Q 2 \ Z 2 , where we can replace Zlspin(ii),i by B 2) Zlio, the extension 
obtained from Proposition 14. 1 1 applied to Zlio C Zlspin( 5 ),i- 
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E(,: Aio X .4.Spin(5),l >^[pio, 2 ] ^2- 

E$: A2S < 8 ) Af^j >^[p28,o] ^2, it is given by <S> Af^j. We can replace A^^ 
the extension obtained from Proposition \4. 1 1 applied to A 2 ?, C .4.0,, i- 
E$: Jl 28 <8 . 402,1 xipjs.o] ^2 i-e. it is given by Bpi^ ® . 402 , 1 - 


by the B D . 428 , 


Proof. All subfactors arise as a^fBofl)) C Bg{I), where Bq 8 Ak is the extension in Proposition 


13.71 Further a* generates w hile o does not. Thus in each case we are in the 

situation of case (2) of Proposition 14.61 and in each case there is just one possible Z 2 -simple current 
extension. □ 




Remark 4.8. Our method also applies to some subfactors with index between 4 and 5: 

• The GHJ subfactor |GdlHJ89fl with index 3+ s/3 arises as the subfactor .4io(/) C .4spin(5),i(7), 
see IIBEK991 Section 2.2]. Thus the even part of it coincides with the even part of Rep(.4io), 
i.e. with the even part of the A\\ subfactor. Thus its quantum double is the same as of the A\\ 
subfactor and thus also realized by .4io <8 .4io Xpio ,0 ^ 2 - 

• The 2221 subfactor with index (5 + s/7A)l2 arises from the conformal inclusion . 402,3 C 
-4e6,i by a-induction HXuOlL see also HCMSlll Appendix]. The subfactor was also con¬ 
structed by Izumi in IlIzuOOI . Note that Rep(. 4 su( 3 ),i) = Rep(.4Eg,i)'^®'', thus by Proposition [Ah] 
(3) the net . 402,3 <8 . 4 su( 3 ),i realizes its quantum double. A similar observation was made by 
Ostrik HCMSlll Remark A.4.3]. The complex conjutage should be realized by . 402,3 (8.4Eg,i, 
but we do not know how to realize the net . 402 , 3 - 

4.3. Modular invariants. All our examples in Corollary 14.71 are Z^-simple current extension. We 
remember that for .4 C -S an extension, N = A{1) C B{I) = M and = Rep^(.4), the matrix 
Z = (Zp,y)p,vGirr(^c^) with Zp,v = dimHom(ap, o'jT) is a modular invariant IIBEK991 . i.e. commutes 
with the S and T associated with The modular invariant of a commutative Z 2 -simple current 
extension 6 = [po] © \Pg\ is given by (cf. (3.59) in 1ERS041 for the general formula) 


Zij = - 


COi' 


where gi is the action of g on i, i.e. \pgi\ - [Pg] x [p,]. We conveniently write the modular invariant 
in character form as: 


z - y z 




‘r.vXnAv ■ 


We include the modular invariants, from which one can derive the fusion rules of the representation 
category. We note, although it is not necessary and follows from the above “abstract non-sense”, one 
can directly check that the, for example the representation category of the net Zlio( 8 Zlspin(i i).i xifpio 2]^2 
has the fusion rules of the Eg double as in Kzu011lHRW08l . Some of this calculation is contained in 
IIBEKOII . 

Example 4.9 (A<:+i-case). Eor the inclusion Ak® Ak C An<zn - {Ak ® .4,^) x Z 2 has the modular 
invariant is given by: 




™ (1 + ( 1) ' 


and thus 


1 ^ 


Xpk-i,i 


,k-j I 


i,j=0 

i+j=even 
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P0.2 
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1 P2,2 

A 
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1 P6,2 

A 

1 P7,2 

A 

1 P8,2 
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A 
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A 
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>3,1 

1 

1 
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1 
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>5,1 

1 
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1P6,1 
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P2,0 

P3,0 
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P7,0 

P8,0 

P9,0 

Pi 0,0 


Figure 1. Fusion rules of SU(2)io x Spin(ll)i 




Figure 2. (Dual) principal graph for ^su( 2 ),io ® ^Spin(ii),i C Ancm 


Example 4.10 (D 2 „-case). Let k = 4n — 4. Let At, then there is a simple current extension = 
Ak Xp;i Z 2 of Ak corresponding to the Dynkin diagram D 2 n in Proposition 13.71 with modular invariant: 


1 ^ 

^^ 2 " - j /_^\X2e + 


Xk- 2 l\ 


f=0 


The same is true for Bk = Ak Z 2 . The net An(^m for D 2 n is just Bk ® Bk, which is an Z 2 extension 
of 

Ak 0 Bk C Bk ® Bk D Bk Ak ■ 

So the modular invariant for the Z 2 -simple current extension is Zd 2 „ < 8 ) In+i, where I,„ is the m x m 
identity matrix. 


Example 4.11 (Eg-cases). Then modular invariant for . 4 .su( 2 ) io<S)'4spin(ii) 1 C Ancm for Eg is given 
by: 

Z = X + F + 2by5,iP, 

with 

X = 1T0,0 +T10,2|^ + |T0,2 +T'10,o|^ + 1T2,0 +T8,2|^ + |T0,2 +T8,o|^ + |T4,0 +T'6,2|^ + IA'4,2 +T6,o|^ 

E = 1 ^ 1,1 +T9,l|^ + IT3,1 +T7 .i|^ ■ 

One can read of the number of irreducible sectors: | = 33, UA^| = UA±mI = 18,ImAmI-36 

and I m^^m\ - ffi- The category has An x A 3 fusion rules, see Figure [T] and the Z 2 -simple 
current extension is an “orbifold” giving the fusion rules of Figure [3l 

Example 4.12 (Eg-cases). Note the net Bncm for the Eg subfactor can be realized as Adi^ < 8 * AIf 4 ,i, 
where we can replace AIF 41 by the B D AI 28 the extension from Proposition 14. II of B = AIg,,i D Al 28. 
The modular invariant of the inclusion AI 28 < 8 ) AIf 4 ,i C Ad^, < 8 ) AIf 4 ,i is < 8 ) h- 
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Figure 3. The fusion graph of for .Asu( 2 ),io <8) .Aspin(ii),i C An^m for E(, 

5. Categorical Picture and Vertex Operator Algebras 

Local irreducible extensions B D Aof completely rational nets are characterized by commutative 
Q-systems 0 G Rep(.4) IILR951I and the representation theory is given by the ambichiral sectors 
The Q-system is a commutative (Frobenius) algebra in the braided tensor category Rep(^). Because 
0 is commutative, the right-modules Mod(0) = C®, see IIKO02L form itself a tensor category. This 
category is equivalent with Interchanging the braiding, there is another tensor product under 

which Mod(0) is equivalent with The ambichiral sectors are braided equivalent with the 

category of local or dyslexic modules Modo(0), see IIBKL141I . 

The same categorical structure arises for extensions of vertex operator algebras. IIKO021IHKL14I . 
It follows: 

Proposition 5.1. Let A be a completely rational conformal net and V a vertex operator algebra, 
such that the category Cy has a natural vertex tensor category structure (cf IIHKL141 ) and is braided 
equivalent to Rep(.4.). Then for every local irreducible extension B T) A there exists a vertex operator 
algebra Vb D V, whose category of modules is braided equivalent to Rep(.8). 

Using this proposition we can transport our result to vertex operator algebras. By IIFK931 Propo¬ 
sition 8.2.6] ribbon categories with 811(2)^: are determined by its twists which are given by the expo¬ 
nential of the conformal weights using IIGL96II . The fusion rules calculated by llWas981l coincide with 
the one of the corresponding affine Kac-Moody VGA. Thus we can conclude that the modular tensor 
categories are equivalent. 

For a VGA corresponding to the net Au, i.e. a VGA which has the opposite braiding of SU(2)j;, 
we could in principle apply Proposition 15.11 but we do not know that the categories for the Virasoro 
minimal models are equivalent for VOAs and conformal nets. 

But we can argue as follows. Let Vk = Vsu( 2 )t be the vertex operator algebra of affine Kac-Moody 
algebra 5 I 2 at level k. As in Proposition 14.41 we get an inclusion into where is the vertex 
operator algebra associated with the even lattice E%, which coincides by the Kac-Frenkel construction 
with the affine Kac-Moody algebra of the Lie algebra Sg at level 1. Let Vk be the coset of the inclusion 
Vk C V®K Then V®^ decomposes as 

'EkiMk (S> Ml , 

where Mk are modules of Vk and Mi of the coset net Vi. It is Zj-o - and Zq/ = dip. We call 
such an inclusion of Vk C V^^ normal. By the same argument as in Proposition 15.11 the analogue 
of Proposition 14. 3 1 holds using the same proof and Vk has as representation category SU(2),t with the 
opposite braiding. 

Then Corollary l4.7l together with Proposition 15 .1 1 gives: 

Proposition 5.2. There is a unitary rational VOA Vk which has the opposite braiding 0/811(2)^. 
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For every subfactor [M : A^] < 4 there is a unitary rational VOA Vncm^ whose category of modules 
is equivalent to the quantum double D{N C M) of the subfactor N C M, i.e. the Drinfeld center of 
the fusion category of the even part ofN C M. 

Remark 5.3. For the construction of Vk and Vncm we could also use directly the correspondence be¬ 
tween conformal nets and vertex operator algebras in IICKLW151 . We still have to use the categorical 
arguments to show that the corresponding representations categories are equivalent. It would be nice 
to have a result that states that the representation categories of V and Ay are the same. 

Example 5.4. Let V be the vertex operator algebra obtained by Z 2 -simple current extension sl 2 jo <8) 
sbii j. Then the category modules of V is equivalent to the quantum double of the Eg sub¬ 

factor. 


6. Conclusions and Outlook 

We gave some structural results of completely rational conformal nets whose representation cate¬ 
gory is a quantum double (Drinfeld center of a unitary fusion category). We showed that the quantum 
doubles of subfactors with index less than 4, or equivalently the Drinfeld centers of their even part 
fusion categories, are realized as representation theories in chiral conformal field theory, either as a 
conformal net of von Neumann algebras or as VOAs. The most interesting is the realization of the 
quantum double of Eg (or Eg) as a Z 2 -simple current extension of SU(2)io x Spin(ll)i. In particular, 
1HRW08I it was shown that the quantum double of Eg is universal for topological quantum comput¬ 
ing. On the other hand, it was proposed in the same article that it might be exotic. Our construction 
shows that it is indeed not exotic. This example was the main motivation of the article, because no 
direct realization in conformal field fheory or quanfum groups is confained in fhe liferafure. Furfher, 
the even part of Eg is the smallest non-trivial fusion category IIOstl31l in the sense that it is not braided 
or coming from groups. Drinfeld centers of braided fusion categories and groups are easy. Despite 
the fact that the even part of Eg has no braiding, the realization as a CFT is still very easy. 

We conjecture that the double of Eg is also related to Chem-Simons theory with non-simply con¬ 
nected gauge group (SU(2) x Spin(ll))/Z2. It is also related to the SU(2)io x Spin(ll)i quantum 
group as a kind of quantum subgroup. Indeed the Z 2 -simpIe current extension correspond to a quan¬ 
tum subgroup in the sense of Ocneanu BOcnOIll . 

It would be interesting to find realizafions of fhe doubles of exofic subfacfors, like fhe Haagerup 
subfacfor using similar mefhods like here. 
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